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Abstract. The main purpose of this paper is to use a variant of Gru¨ss inequal-
ity to obtain a sharp perturbed generalized three point inequality for functions
whose nth derivative is bounded both above and below. Thus we provide im-
provement of a previous result.
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§1. Introduction
In 1935, G. Gru¨ss (see for example [4, p.296]) proved the following integral
inequality which gives an approximation for the integral of a product of two
functions in terms of the product of integrals of the two functions.
Theorem 1. Let h, g : [a, b] → R be two integrable functions such that φ ≤
h(t) ≤ Φ and γ ≤ g(t) ≤ Γ for all t ∈ [a, b], where φ, Φ, γ and Γ are real
numbers. Then we have
(1) |T (h, g)| ≤ 1
4
(Φ− φ)(Γ− γ),
where
(2) T (h, g) =
1
b− a
∫ b
a
h(t)g(t) dt − 1
b− a
∫ b
a
h(t) dt · 1
b− a
∫ b
a
g(t) dt
and the inequality is sharp, in the sense that the constant 14 cannot be replaced
by a smaller one.
In 2000, M. Matic´, J. Pecˇaric´ and N. Ujevic´ [3] established the following
premature Gru¨ss inequality.
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Theorem 2. Let h, g : [a, b] → R be two integrable functions such that γ ≤
g(t) ≤ Γ for all t ∈ [a, b], where γ, Γ ∈ R. Then we have
(3) |T (h, g)| ≤ Γ− γ
2
[T (h, h)]
1
2 ,
where T (h, g) is as defined in (2).
In 2002, X. L. Cheng and J.Sun [2] have got the following variant of the
Gru¨ss inequality.
Theorem 3. Let h, g : [a, b] → R be two integrable functions such that γ ≤
g(t) ≤ Γ for all t ∈ [a, b], where γ, Γ ∈ R. Then
(4) |T (h, g)| ≤ Γ− γ
2(b− a)
∫ b
a
∣∣∣h(t)− 1
b− a
∫ b
a
h(s) ds
∣∣∣ dt,
where T (h, g) is as defined in (2).
It is not difficult to find that the premature Gru¨ss inequality (3) provides
a sharper bound than the Gru¨ss inequality (1) and the variant of Gru¨ss in-
equality (4) provides a sharper bound than the premature Gru¨ss inequality
(3).
In [1], Theorem 2 has been used to provide a perturbed generalized three
point inequality. But unfortunately, there exist some careless mistakes which
led to wrong results (see Theorem 5, Corollary 8 and Corollary 9 in [1]). In
this paper, we will give the correct results, and, a sharp perturbed generalized
three point inequality is obtained by using Theorem 3.
§2. Perturbed rules from premature inequalities
In this section, we will provide a perturbed generalized three point inequal-
ity and its two special cases to replace Theorem 5, Corollary 8 and Corollary
9 in [1]. We need the following integral identity whose proof can be found in
[1].
Lemma. Let f : [a, b] → R be such that f (n−1), n ≥ 1 is absolutely continuous
on [a, b]. Further, let α : [a, b] → [a, b] and β : [a, b] → [a, b] such that α(x) ≤ x
and β(x) ≥ x. Then, for all x ∈ [a, b] the following identity holds:
(5)
(−1)n
∫ b
a
Kn(x, t)f
(n)(t) dt =
∫ b
a
f(t) dt−
n∑
k=1
1
k!
[
Rk(x)f
(k−1)(x) + Sk(x)
]
,
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where the kernel Kn : [a, b]
2 → R is given by
(6) Kn(x, t) :=


(t−α(x))n
n! , t ∈ [a, x],
(t−β(x))n
n! , t ∈ (x, b],
and
(7)
{
Rk(x) = (β(x)− x)k + (−1)k−1(x− α(x))k,
Sk(x) = (α(x)− a)kf (k−1)(a) + (−1)k−1(b− β(x))kf (k−1)(b).
Theorem 4. Let f : [a, b] → R be such that f (n−1), n ≥ 1 is absolutely
continuous on [a, b]. Further, let α : [a, b] → [a, b] and β : [a, b] → [a, b] such
that α(x) ≤ x and β(x) ≥ x. Assume that there exist constants γ, Γ ∈ R with
γ ≤ f (n)(t) ≤ Γ a.e. on [a, b]. Then for all x ∈ [a, b] we have
∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
1
k!
[
Rk(x)f
(k−1)(x) + Sk(x)
]
(8)
− (−1)n θn(x)
(n + 1)!
· f
(n−1)(b)− f (n−1)(a)
b− a
∣∣∣∣
≤ Γ− γ
2
· 1
n!
I(x, n),
where
I(x, n) =
1
(n + 1)
√
2n + 1
{
n2(b− a)Qn(x)
+ (2n + 1)
4∑
i=1, j>i
zizj
[
zni −
(
(−1)i+jzj
)n]2} 12
,
(9)
z1 = α(x) − a, z2 = x− α(x), z3 = β(x)− x, z4 = b− β(x),
Qn(x) = z
2n+1
1 + z
2n+1
2 + z
2n+1
3 + z
2n+1
4 ,
θn(x) = (−1)nzn+11 + zn+12 + (−1)nzn+13 + zn+14
and Rk(x), Sk(x) are as given by (7).
Proof. Applying the premature Gru¨ss inequality (3) by associating f (n)(t) with
g(t) and Kn(x, t) with h(t), gives∣∣∣∣
∫ b
a
Kn(x, t)f
(n)(t) dt−
(∫ b
a
Kn(x, t) dt
)
f (n−1)(b)− f (n−1)(a)
b− a
∣∣∣∣
≤ (b− a)Γ− γ
2
[
T (Kn,Kn)
] 1
2 ,
(10)
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where from (2),
T (Kn,Kn) =
1
b− a
∫ b
a
Kn(x, t)
2 dt−
(
1
b− a
∫ b
a
Kn(x, t) dt
)2
.
Now, from (6),
1
b− a
∫ b
a
Kn(x, t) dt
=
1
b− a
[∫ x
a
(
t− α(x))n
n!
dt +
∫ b
x
(
t− β(x))n
n!
dt
]
=
1
(b− a)(n + 1)!
[(
x− α(x))n+1 + (−1)n(α(x)− a)n+1
+
(
b− β(x))n+1 + (−1)n(β(x)− x)n+1]
=
1
(b− a)(n + 1)!θn(x)
(11)
and
1
b− a
∫ b
a
Kn(x, t)
2 dt
=
1
(b− a)(n!)2
[∫ x
a
(
t− α(x))2n dt + ∫ b
x
(
t− β(x))2n dt
]
=
1
(b− a)(n!)2(2n + 1)
[(
x− α(x))2n+1 + (α(x) − a)2n+1
+
(
b− β(x))2n+1 + (β(x)− x)2n+1]
=
1
(b− a)(n!)2(2n + 1)Qn(x).
(12)
Hence, substitution of (11) and (12) into (10) gives∣∣∣∣
∫ b
a
Kn(x, t)f
(n)(t) dt− θn(x)
(n + 1)!
· f
(n−1)(b)− f (n−1)(a)
b− a
∣∣∣∣
≤ Γ− γ
2
· 1
n!
I(x, n),
(13)
where
(2n + 1)(n + 1)2I(x, n)2
= (n + 1)2(b− a)Qn(x)− (2n + 1)θ2n(x)
= n2(b− a)Qn(x) + (2n + 1)
[
(z1 + z2 + z3 + z4)Qn(x)− θ2n(x)
]
= n2(b− a)Qn(x) + (2n + 1)
4∑
i=1,j>i
zizj
[
zni − ((−1)i+jzj)n
]2
.
(14)
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Thus the inequality (8) with (9) follows from (5), (13) and (14).
The proof is completed.
Corollary 1. Let the conditions of Theorem 4 hold. Then for all x ∈ [a, b] we
have
∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
Akf (k−1)(a)+
[
(−1)k−1Ak+Bk]f (k−1)(x)+(−1)k−1Bkf (k−1)(b)
k!
−
[
1+(−1)n](An+1+Bn+1)
(n+1)!
· f
(n−1)(b)−f (n−1)(a)
b−a
∣∣∣∣
≤ Γ− γ
(n + 1)!
[
(n + 1)2
2n + 1
(
A + B
)(
A2n+1 + B2n+1
)− 1 + (−1)n
2
(
An+1 + Bn+1
)2] 12
,
(15)
where A = x−a2 and B =
b−x
2 .
Proof. Let α(x) = a+x2 and β(x) =
x+b
2 . Taking A =
x−a
2 , B =
b−x
2 , we have
Rk(x) = B
k + (−1)(k−1)Ak, Sk(x) = Akf (k−1)(a) + (−1)(k−1)Bkf (k−1)(b),
Qn(x) = 2
(
A2n+1 + B2n+1
)
,
θn(x) =
[
1 + (−1)n](An+1 + Bn+1)
and
4∑
i=1, j>i
zizj
[
zni − ((−1)i+jzj)n
]2
= 2
[
1 + (−1)n+1](A2n+2 + B2n+2) + 4AB[A2n + B2n − (1 + (−1)n)AnBn].
Thus readily giving the left hand side of (15), and for the right hand side of
(15), we see from (9),
I(x, n) =
1
n + 1
{
4n2
(
A + B
)(
A2n+1 + B2n+1
)
2n + 1
+ 2
[
1 + (−1)n+1](A2n+2 + B2n+2)
+ 4AB
[
A2n + B2n − (1 + (−1)n)AnBn]} 12
=
1
n + 1
{
4(n + 1)2
(
A + B
)(
A2n+1 + B2n+1
)
2n + 1
− 2[1 + (−1)n](An+1 + Bn+1)2} 12 .
(16)
A simple substitution in (8) of (16) completes the proof.
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Corollary 2. Let the conditions of Theorem 4 hold. Then
∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
f (k−1)(a)+
[
1+(−1)k−1]f (k−1)(a+b2 )+(−1)(k−1)f (k−1)(b)
k!
(b−a
4
)k
−2
[
1+(−1)n]
(n+1)!
(b−a
4
)n+1 f (n−1)(b)−f (n−1)(a)
b−a
∣∣∣∣
≤ Γ− γ
(n + 1)!
[
4(n + 1)2
2n + 1
− 2(1 + (−1)n)
] 1
2
(b− a
4
)n+1
.
(17)
Proof. The proof of (17) follows directly from (15) with x = a+b2 .
§3. A sharp perturbed generalized three point inequality
We now use Theorem 3 to derive a sharp perturbed generalized three point
inequality for n-time differentiable functions with evaluations at an interior
point and at the end points.
Theorem 5. Let the conditions of Theorem 4 hold. Then for all x ∈ [a, b] we
have
∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
Akf (k−1)(a)+
[
(−1)k−1Ak+Bk]f (k−1)(x)+(−1)k−1Bkf (k−1)(b)
k!
−
[
1+(−1)n](An+1+Bn+1)
(n+1)!
· f
(n−1)(b)−f (n−1)(a)
b−a
∣∣∣∣
≤ Γ− γ
(n + 1)!
G(a, b, x;n),
(18)
where for an odd n,
(19) G(a, b, x;n) = An+1 + Bn+1,
and for an even n,
(20)
G(a, b, x;n) =


2(ABn+1−BAn+1)
A+B +
2n(An+1+Bn+1)
(n+1)(A+B)
n
√
An+1+Bn+1
(n+1)(A+B) , a ≤ x ≤ ξ,
4n(An+1+Bn+1)
(n+1)(A+B)
n
√
An+1+Bn+1
(n+1)(A+B) , ξ < x < η,
2(BAn+1−ABn+1)
A+B +
2n(An+1+Bn+1)
(n+1)(A+B)
n
√
An+1+Bn+1
(n+1)(A+B) , η ≤ x ≤ b,
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with A = x−a2 , B =
b−x
2 , ξ and η are the real roots of the equations
(21)
(ξ − a)n+1 + (b− ξ)n+1
(n + 1)(b − a) − (ξ − a)
n = 0
and
(22)
(η − a)n+1 + (b− η)n+1
(n + 1)(b − a) − (b− η)
n = 0
respectively, and a < ξ < η < b.
Proof. Applying the variant of Gru¨ss inequality (4) by associating f (n)(t) with
g(t) and Kn(x, t) with h(t), gives∣∣∣∣
∫ b
a
Kn(x, t)f
(n)(t) dt−
(∫ b
a
Kn(x, t) dt
)
f (n−1)(b)− f (n−1)(a)
b− a
∣∣∣∣
≤ Γ− γ
2
∫ b
a
∣∣∣∣Kn(x, t)− 1b− a
∫ b
a
Kn(x, s) ds
∣∣∣∣ dt,
(23)
where the kernel Kn : [a, b]
2 → R is given by
(24) Kn(x, t) =


(
t−a+x
2
)n
n! , t ∈ [a, x],(
t−x+b
2
)n
n! , t ∈ (x, b].
For any fixed x ∈ [a, b], taking A = x−a2 and B = b−x2 , we can derive from (23)
and (24) that
∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
Akf (k−1)(a)+
[
(−1)k−1Ak+Bk]f (k−1)(x)+(−1)k−1Bkf (k−1)(b)
k!
−
[
1+(−1)n](An+1+Bn+1)
(n+1)!
· f
(n−1)(b)−f (n−1)(a)
b−a
∣∣∣∣
≤ Γ− γ
2n!
[∫ x
a
∣∣∣∣(t− a + x2
)n
−
[
1 + (−1)n](An+1 + Bn+1)
2(n + 1)
(
A + B
) ∣∣∣∣ dt
+
∫ b
x
∣∣∣∣(t− x + b2
)n
−
[
1 + (−1)n](An+1 + Bn+1)
2(n + 1)
(
A + B
) ∣∣∣∣ dt
]
.
(25)
For an odd n, it is easy to find that the last two integrals in (25) is equal to
(26)
∫ x
a
∣∣∣(t− a + x
2
)n∣∣∣ dt + ∫ b
x
∣∣∣(t− x + b
2
)n∣∣∣ dt = 2
(
An+1 + Bn+1
)
n + 1
.
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For an even n, the last two integrals in (25) is
∫ x
a
∣∣∣∣(t−a + x2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt+
∫ b
x
∣∣∣∣(t−x + b2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt
which can be calculated as follows:
For brevity, we first put
p1(t) :=
(
t− a + x
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
) , t ∈ [a, x],
p2(t) :=
(
t− x + b
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
) , t ∈ [x, b].
It is easy to find by elementary calculus that the function p1(t) is strictly
decreasing in (a, a+x2 ) and strictly increasing in (
a+x
2 , x) as well as the func-
tion p2(t) is strictly decreasing in (x,
x+b
2 ) and strictly increasing in (
x+b
2 , b).
Moreover, we have
p1(a) = p1(x) =
(x− a
2
)n
− (x− a)
n+1 + (b− x)n+1
2n(n + 1)(b− a) ,
p2(x) = p2(b) =
(b− x
2
)n
− (x− a)
n+1 + (b− x)n+1
2n(n + 1)(b− a) ,
p1
(a + x
2
)
= p2
(x + b
2
)
= −(x− a)
n+1 + (b− x)n+1
2n(n + 1)(b− a) < 0.
Now we consider another two functions as
q1(u) =
(u− a)n+1 + (b− u)n+1
(n + 1)(b − a) − (u− a)
n, u ∈ [a, b],
q2(u) =
(u− a)n+1 + (b− u)n+1
(n + 1)(b− a) − (b− u)
n, u ∈ [a, b].
It is not difficult to find that q1(u) is strictly decreasing on [a, b] and q2(u)
is strictly increasing on [a, b] and there exist unique ξ ∈ (a, a+b2 ) and unique
η ∈ (a+b2 , b) such that q1(ξ) = 0 and q2(η) = 0. i.e., ξ and η are the real
roots of equations (21) and (22) respectively and a < ξ < η < b. If x ∈ [a, ξ],
then q1(x) ≥ 0 and q2(x) < 0 which imply that p1(a) = p1(x) ≤ 0 and
p2(x) = p2(b) > 0. If x ∈ (ξ, η), then q1(x) < 0 and q2(x) < 0 which imply
that p1(a) = p1(x) > 0 and p2(x) = p2(b) > 0. If x ∈ [η, b], then q1(x) < 0
and q2(x) ≥ 0 which imply that p1(a) = p1(x) > 0 and p2(x) = p2(b) ≤ 0. So
there are three possible cases to be determined.
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(i) In case x ∈ [a, ξ], p1(t) ≤ 0 for t ∈ [a, x] and p2(t) has two zeros in (x, b) as
t3 =
x+b
2 − n
√
An+1+Bn+1
(n+1)(A+B) and t4 =
x+b
2 +
n
√
An+1+Bn+1
(n+1)(A+B) . We have
∫ x
a
∣∣∣∣(t− a + x2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt
+
∫ b
x
∣∣∣∣(t− x + b2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt
=
∫ x
a
[
An+1 + Bn+1
(n + 1)
(
A + B
) − (t− a + x
2
)n]
dt
+
∫ t3
x
[(
t− x + b
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)] dt
+
∫ t4
t3
[
An+1 + Bn+1
(n + 1)
(
A + B
) − (t− x + b
2
)n]
dt
+
∫ b
t4
[(
t− x + b
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)] dt
=
4
(
ABn+1 −BAn+1)
(n + 1)
(
A + B
) + 4n
(
An+1 + Bn+1
)
(n + 1)2
(
A + B
) n
√
An+1 + Bn+1
(n + 1)
(
A + B
) .
(27)
(ii) In case x ∈ (ξ, η), p1(t) has two zeros in (a, x) as t1 = a+x2 − n
√
An+1+Bn+1
(n+1)(A+B)
and t2 =
a+x
2 +
n
√
An+1+Bn+1
(n+1)(A+B) , p2(t) has two zeros in (x, b) as t3 =
x+b
2 −
n
√
An+1+Bn+1
(n+1)(A+B) and t4 =
x+b
2 +
n
√
An+1+Bn+1
(n+1)(A+B) . We have
∫ x
a
∣∣∣∣(t−a+x2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)∣∣∣∣ dt+
∫ b
x
∣∣∣∣(t−x+b2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)∣∣∣∣ dt
=
∫ t1
a
[(
t−a+x
2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)] dt+ ∫ t2
t1
[
An+1+Bn+1
(n+1)
(
A+B
)−(t−a+x
2
)n]
dt
+
∫ x
t2
[(
t−a+x
2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)] dt+ ∫ t3
x
[(
t−x+b
2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)] dt
+
∫ t4
t3
[
An+1+Bn+1
(n+1)
(
A+B
)−(t−x+b
2
)n]
dt+
∫ b
t4
[(
t−x+b
2
)n
− A
n+1+Bn+1
(n+1)
(
A+B
)] dt
=
8n
(
An+1+Bn+1
)
(n+1)2
(
A+B
) n
√
An+1+Bn+1
(n+1)
(
A+B
) .
(28)
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(iii) In case x ∈ [η, b], p1(t) has two zeros in (a, x) as t1 = a+x2 − n
√
An+1+Bn+1
(n+1)(A+B)
and t2 =
a+x
2 +
n
√
An+1+Bn+1
(n+1)(A+B) , p2(t) ≤ 0 for t ∈ [x, b]. We have
∫ x
a
∣∣∣∣(t− a + x2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt
+
∫ b
x
∣∣∣∣(t− x + b2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)∣∣∣∣ dt
=
∫ t1
a
[(
t− a + x
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)] dt
+
∫ t2
t1
[
An+1 + Bn+1
(n + 1)
(
A + B
) − (t− a + x
2
)n]
dt
+
∫ x
t2
[(
t− a + x
2
)n
− A
n+1 + Bn+1
(n + 1)
(
A + B
)] dt
+
∫ b
x
[
An+1 + Bn+1
(n + 1)
(
A + B
) − (t− x + b
2
)n]
dt
=
4
(
BAn+1 −ABn+1)
(n + 1)
(
A + B
) + 4n
(
An+1 + Bn+1
)
(n + 1)2
(
A + B
) n
√
An+1 + Bn+1
(n + 1)
(
A + B
) .
(29)
Consequently, the inequality (18) with (19) and (20) follows from (25), (26),
(27), (28) and (29).
The proof is completed.
Remark 1. It is not difficult to prove that the inequality (18) with (19) and
(20) is sharp in the sense that we can construct the function f to attain the
equality in (18) with (19) and (20). Indeed, for an odd n we may choose f
such that
f (n−1)(t) =


γ(t− a), a ≤ t < a+x2 ,
Γ(t− a+x2 ) + x−a2 γ, a+x2 ≤ t < x,
γ(t− a+x2 ) + x−a2 Γ, x ≤ t < x+b2 ,
Γ(t− a+b2 ) + b−a2 γ, x+b2 ≤ t ≤ b
for any x ∈ [a, b], and for an even n we may choose f such that
f (n−1)(t) =


γ(t− a), a ≤ t < x,
Γ(t− x) + (x− a)γ, x ≤ t < t3,
γ(t− t3 + x− a) + (t3 − x)Γ, t3 ≤ t < t4,
Γ(t− t4 + t3 − x) + (t4 − t3 + x− a)γ, t4 ≤ t ≤ b
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for any x ∈ [a, ξ], and
f (n−1)(t) =


Γ(t− a), a ≤ t < t1,
γ(t− t1) + (t1 − a)Γ, t1 ≤ t < t2,
Γ(t− t2 + t1 − a) + (t2 − t1)γ, t2 ≤ t < t3,
γ(t− t3 + t2 − t1) + (t3 − t2 + t1 − a)Γ, t3 ≤ t < t4,
Γ(t− t4 + t3 − t2 + t1 − a) + (t4 − t3 + t2 − t1)γ, t4 ≤ t ≤ b
for any x ∈ (ξ, η), and
f (n−1)(t) =


Γ(t− a), a ≤ t < t1,
γ(t− t1) + (t1 − a)Γ, t1 ≤ t < t2,
Γ(t− t2 + t1 − a) + (t2 − t1)γ, t2 ≤ t < x,
γ(t− x + t2 − t1) + (x− t2 + t1 − a)Γ, x ≤ t ≤ b
for any x ∈ [η, b].
It is clear that the above all f (n−1)(t) are absolutely continuous on [a, b].
Remark 2. If we take x = a+b2 , we can obtain the following sharp perturbed
three point inequality:∣∣∣∣
∫ b
a
f(t) dt−
n∑
k=1
f (k−1)(a)+
[
1+(−1)k−1]f (k−1)(a+b2 )+(−1)k−1f (k−1)(b)
k!
(b−a
4
)k
−2
[
1+(−1)n]
(n+1)!
(b−a
4
)n+1 f (n−1)(b)−f (n−1)(a)
b−a
∣∣∣∣
≤


2(Γ−γ)
(n+1)! (
b−a
4 )
n+1, n : odd,
4n(Γ−γ)
(n+1)!(n+1) n
√
n+1
( b−a4 )
n+1, n : even.
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